Abstract The results of an experimental study to measure the tumbling parameter, k, for various small-molecule liquid crystals and their mixtures are presented. The methods used include textural observations (twist walls), a direct method, a rheological method, and the oscillatory method developed by Mather, Pearson, and Burghardt in 1995. The single-component results are compared with a molecular theory derived in 1995 by Archer and Larson as well as KroÈ ger and Sellers, which predicts the temperature dependence of k, while the results from the binary mixtures are compared to a continuum theory derived by Rey in 1996, giving the concentration dependence of k. The results from the four experimental methods agree with each other for single-component liquid crystals, but not for mixtures. This suggests a failure of the single director Leslie-Ericksen theory to describe the rheology of liquid crystal mixtures.
Introduction
The behavior of a small-molecule or polymeric nematic in a simple shearing¯ow depends strongly on whether the nematic is of the tumbling or¯ow-aligning type. According to the Leslie-Ericksen continuum theory, which assumes a nematic with a single director, tumbling behavior occurs when the ratio a 3 aa 2 of Leslie viscosities is negative, while the nematic is¯ow-aligning if a 3 aa 2 b 0. For a¯ow-aligning nematic, the director (a unit vector parallel to the average molecular orientation) in a shearing¯ow is driven by viscous torques towards a¯ow-alignment angle,
where h fa is the angle that the director makes with respect to the¯ow direction and k is the so-called reactive or tumbling parameter de®ned in terms of the Leslie viscosities by:
For a¯ow-aligning nematic (a 3 aa 2 b 0), k is greater than unity, while for a tumbler, k`1. For a tumbling nematic, the steady solution no longer exists, and in this case hydrodynamic torques act to continuously rotate the director in a direction consistent with the vorticity of the¯ow. A variety of instabilities typically ensue, leading to various textures such as bands, stripes, roll cells,``thread'' and``worm'' textures, producing an irregular, disclination-®lled pattern known as director turbulence (Pieranski and Guyon 1974; Manneville 1976 Manneville , 1981 Carlsson 1984; ZunÄ iga and Leslie 1989; Larson 1993) .
Because of the large eect it has on the behavior of a nematic in a shearing¯ow, one would like to be able to predict the value of k from a molecular theory, and especially to predict whether it is greater than or less than unity. For polymeric nematics composed of rod-like molecules in a solvent, molecular theories predict tumbling behavior at lower shear rates Doi 1983, 1984) . This prediction has been con®rmed by experimental studies on nematic polymer solutions (Burghardt and Fuller 1991; Srinivasarao and Berry 1991; Magda et al. 1991) .
A similar molecular theory has recently been applied to thermotropic small-molecule nematics composed of prolate molecules. Speci®cally, Archer and Larson (1995) and KroÈ ger and Sellers (1995) have shown that in the limit of slow¯ows, where Brownian and excludedvolume terms nearly cancel, an approximate analytical expression for k may be derived in terms of the molecular aspect ratio, , and the equilibrium values of the second and fourth moments of the orientation distribution function, 2 3hcos 2 hi À 1a2 and 4 35hcos 4 hi À 30hcos 2 hi 3a8. Here, h is the angle between the orientation of the long axis of a molecule and the director, and hF F Fi denotes an average over the orientation distribution function. They derive an expression for k:
where v 2 À 1a 2 1. In Eq. (3), 2 and 4 can be considered as material parameters as long as the equilibrium form of the orientation distribution is not modi®ed by the¯ow. This will be true for small-molecule nematics for all but extremely high shear rates (though it could be applied to polymeric nematics in the limit of very slow¯ows). When the Maier-Saupe nematic potential (Maier and Saupe 1959 ) is used to calculate the equilibrium values for 2 and 4 , Eq. (3) predicts that near the clearing temperature, ni Y k increases with an increase in reduced temperature, r a ni . The eect of a ®nite aspect ratio, , is to shift k to lower values than that predicted for an in®nite aspect ratio. Estimates of aspect ratios typically range from 4 to 10 in small-molecule liquid crystals, based on molecular bond length and angle data (Lide 1994) . However, measured values of k for various liquid crystals (LCs), when plotted against r , show that an in®nite aspect ratio (v 1) often provides a better ®t to the data (Archer and Larson 1995) .
Equation (3) predicts that a small-molecule nematic is ow-aligning k b 1 close to the clearing point, but when the temperature is lowered, k decreases and the nematic becomes a tumbling one. The qualitative trend of decreasing k with decreasing temperature, as predicted by Eq. (3), has been established for several singlecomponent, small-molecule nematics. However, most single-component nematics have only a narrow range of temperatures over which they are nematic, and most of them crystallize or enter into the smectic-A phase before the temperature becomes low enough that a transition to tumbling might be expected according to Eq. (3).
An exceptional case is that of nematics which have a smectic-A phase between the nematic and the crystalline phase. These nematics are known to be especially prone to tumbling behavior, because of the presence in the nematic of pre-transitional smectic uctuations (Bruinsma and Sa®nya 1991) . Thesē uctuations can induce tumbling behavior even at reduced temperatures, r , well above those for which tumbling is predicted by Eq. (3). The liquid crystal (LC) 8CB (4 H -n-octyl-4-oxycyanobiphenyl), for example, has a phase transition to a smectic-A phase, and shows tumbling behavior at high r .
The temperature range over which a nematic phase exists can be broadened considerably by mixing together two or more nematic-forming compounds. The use of mixtures to obtain a broad temperature range of nematic behavior is important in the LC display industry. Rey (1996) developed a generalization of Ericksen's transversely isotropic¯uid model (TIF) for binary mixtures that allows one to predict the tumbling parameter of the mixture, k mix o , based on the tumbling parameters of the individual components, k n and k m , and the relative volume fractions of the two components, U:
where is a concentration dependent ratio of the rotational viscosities of the two components in the mixture, U c n 1 ac m 1 , and the subscript``o'' indicates a slow¯ow regime, where the mixture remains uniaxial. The mixture becomes biaxial (i.e., having two directors) for stronger¯ows when the elastic restoring mechanism toward uniaxiality is weaker than the¯ow-induced biaxiality. The actual shear rate at which the slow¯ow regime ends depends on the degree of dynamic coupling of the two components, as discussed in an earlier paper by Rey (1995) . If we assume that , the ratio of the rotational viscosities of the two components in the mixture, remains constant with concentration, then Eq. (4) predicts that k mix o varies linearly with concentration in the case where 1, and shifts toward the component with the more dominant c 1 in the cases ) 1 or ( 1. Our goal in this work is ®rst to test the molecular theory, Eq. (3), for its temperature dependence of k in pure nematic LCs, then to expand this test to multicomponent mixtures. Also, we intend to test, at least qualitatively, whether the generalized two director Leslie-Ericksen equations derived by Rey are applicable to our multi-component results. In the end, we hope to discover whether the single director Leslie-Ericksen equations should be limited only to single-component nematics or if they may be successfully applied to all uniaxial nematics whether they be pure or mixtures.
We would therefore like to measure k for a variety of pure nematics as well as nematic mixtures, and seek a simple method for doing so. Values of k can be extracted from the experimental values of Leslie viscosities reported in the literature simply by using Eq. (2). However, measuring these viscosities is a dicult task, even for a single-component nematic, and errors in the individual viscosities might propagate to give an inaccurate measure of k.
A direct method of obtaining k is to shear an LC at high rates and determine the direction of orientation of the optic axis of the LC, using conoscopy for example. For a¯ow-aligning nematic, k can thereby be obtained by ®nding the¯ow-alignment angle at large strains, and using Eq. (1). For a tumbling nematic, there is no¯ow-alignment angle, but k can be obtained by ®tting the time-dependent rotation of the optic axis after start-up of shearing to predictions of the Leslie-Ericksen theory, with k as a ®tting parameter. If the director is initially in the¯ow direction, then a qualitative determination of whether the nematic¯ow-aligns or tumbles can be made just by observing in which direction the optic axis rotates when shearing¯ow commences.
There are also several indirect methods of estimating k, which have some advantages of convenience over the direct method. One method, proposed by Mather, Pearson, and Burghardt (MPB) (1995) , involves the imposition of an oscillatory strain on a nematic with an initial director orientation perpendicular to the solid surfaces that drive the shearing¯ow (i.e., a homeotropic initial condition). This initial orientation is established by imposing a homeotropic boundary condition on the director at the solid surfaces. The amplitude of rotation of the director, compared to that of the shearing strain, can then be used to estimate k. This method has an advantage over the direct method in that the homeotropic boundary condition is particularly easy to impose. Its disadvantage is that with homeotropic boundary conditions there is only a quantitative and no qualitative change in behavior when k passes through unity and the nematic changes from¯ow-aligning to tumbling. Thus experimental uncertainties in the measured value of k could lead one to miscategorize a¯ow-aligning nematic as a tumbling one, or vice versa.
Another indirect method is to look for textures that are speci®c to tumbling nematics in shearing¯ows. One such texture is a sequence of twist walls, which appear on start-up of fast shearing¯ow in a torsional geometry (Mather et al. 1997) . The presence of these walls indicates that the nematic is of the tumbling type, and their absence identi®es the nematic as a¯ow-aligner. In the case of a tumbling nematic (k`1), the rate of radial motion of these twist walls could also be used to extract a numerical estimate of k; however, no numerical estimate of k is possible in the case k b 1. This method, again, works with homeotropic boundary conditions. A ®nal indirect method for estimating k is to measure the shear stress during start-up of shearing¯ow in a cone-and-plate or plate-and-plate rheometer. Gu et al. (1993 Gu et al. ( , 1994 have shown that for a tumbling nematic in an initially homeotropic orientation, the shear stress oscillates after the start-up of fast shearing. The oscillation period c p , in strain units, is related to k by:
For a¯ow-aligning nematic in such a¯ow, there are no oscillations, and no accurate estimate of k is possible by this method. In this paper, both the direct and indirect methods are used to estimate k for various single-component and multi-component small-molecule LCs. In the following sections we describe the methods used in more detail, with the results for each method presented in the section that follows.
Experimental methods

Materials
We studied ®ve small-molecule LCs and three commercially available mixtures used in LC displays. The pure compounds are a cyanophenylcyclohexane (PCH-5), and the 4 H -n-alkyl-4-cyanobiphenyls (5CB, 6CB, 7CB, and 8CB). The commercial mixtures studied were E7, ZLI-3449-100, and ZLI-3308. The composition of E7 by weight is reported to be: 51% 5CB, 25% 7CB, 16% 8OCB, and 8% 5CT, where 8OCB is 4 H -n-octyl-4-oxycyanobiphenyl and 5CT is 4 H -n-pentyl-4-cyanoterphenyl. The compositions of the other two commercial mixtures are unknown to us. The materials in the n-CB series and the mixture E7 were obtained from EM Industries and used as received. PCH-5, ZLI-3449-100, and ZLI-3308 were obtained from E. Merck and used as received. The phase transition temperatures reported for these compounds (Karat and Madhusudana 1976; Abdoh et al. 1982 ) are given in Table 1 .
We have also prepared two dierent binary mixtures of smallmolecule LCs; one a mixture of 5CB and 8CB, and the other a mixture of 7CB and 8CB. The phase behavior of the 7CB/8CB mixtures was determined by dierential scanning calorimetry (DSC) and is shown in Fig. 1 . The phase behavior of the 5CB/ 8CB mixture was determined by hot stage polarizing microscopy and is shown in Fig. 2 . The crystalline transition in the 5CB/8CB mixtures was below ambient temperature and hence undetermined.
Surface alignment
To make a meaningful connection between experimental observations and theoretical predictions, care must be taken to prescribe well-de®ned anchoring conditions on the director orientation. Planar alignment refers to the con®guration where the LC molecules lie parallel to the surface, while for homeotropic alignment they are aligned perpendicular to the surface. Homeotropic boundary conditions are used in the MPB method for measuring k, the twist wall experiments, and the rheological method. Planar alignment is used in the direct method. Homeotropic alignment is obtained by treating the surfaces with a dilute solution of lecithin in chloroform. Excess lecithin is rinsed o with chloroform to make the surfaces transparent. The plates are then dried with a heating gun for approximately 2±3 min. After loading the LC into the cell, it was found that uniform homeotropic alignment could be obtained in less than an hour.
Planar alignment is obtained by the usual method, using a rubbed polyimide ®lm (Becker et al. 1986; Mosley et al. 1987) . Uniform alignment is obtained in less than an hour. This treatment was found to give a director pretilt to the surfaces of around 2 .
Conoscopy
The method of conoscopy is used to observe the average angle of orientation of the LC across the gap of the shear cell. Only the details of the method relevant to us will be presented here. A more thorough treatment may be found in the books by Hartshorne and Stuart (1970) , or Born and Wolf (1980) . The conoscopic image is generated by passing highly convergent monochromatic light through the sample placed between crossed polarizers. The interference ®gure is then viewed by focusing on the back focal plane of the objective lens using a Bertrand lens. A schematic of the experimental setup is shown in Fig. 3 .
Since LCs are birefringent, rays of light entering the sample are doubly refracted, producing an extraordinary ray (E-ray) and an ordinary ray (O-ray). These rays travel at nearly the same angle through the sample but with dierent velocities, resulting in a relative phase shift, d, between them given by:
where d is the gap thickness, and / is the angle of light propagation through the sample. The index of refraction that the E-ray sees, n Ã e h E , depends on the angle that the vibration direction of the E-ray makes with respect to the director, h E , and is given by:
where n e and n o are the principal indices of refraction of the LC. To predict the conoscopic image for a homeotropic or planar monodomain we need to express the retardance, d, strictly in terms of angles of light propagation through the sample, /. To do this, the orientation of the director with respect to the cone of light entering the sample should be considered so that angles with respect to the director, h E , can be written in terms of propagation As an example, in the homeotropic con®guration, h E / pa2, while in the planar con®guration, h E /. The Bertrand lens brings rays of light travelling at the same angle into focus, causing the E-and O-rays to interfere, producing the conoscopic image. The intensity of light seen in the conoscopic image is then:
where s o is the incident intensity, v is the angle the incident light plane makes with respect to the polarizer direction, and k light is the wavelength of light used. The interference ®gure generated by a uniaxial crystal oriented in the homeotropic con®guration consists of concentric dark rings called isochromes representing successive orders of birefringence and an extinction cross composed of what are called isogyres oriented parallel to the polarizer and analyzer directions. In the planar con®guration, the isochromes, or bands of equal retardation, form hyperbolic fringes, which lie in four quadrants determined by the direction of orientation of the LC within the sample, with the polarizer and analyzer positioned at 45 and 135
with respect to the director. The center of symmetry of a planar conoscopic image may appear light or dark depending on the birefringence of the LC, and the thickness of the sample. Photographs of conoscopic images obtained for both homeotropic and planar con®gurations are shown in Fig. 4 . The center of symmetry of each ®gure is centered within the ®eld of view, indicating that the optic axis of the LC is exactly parallel or perpendicular to the axis of the cone of incident light for the two respective con®gurations, homeotropic and planar. For samples whose optic axis is inclined at an angle other than 0 or 90 to that of the cone of light, the relationship between the symmetry point of the image and the angle of orientation in the sample is a bit more complicated and will be discussed next.
For samples with homeotropic alignment, the retardance is at a minimum for light travelling parallel to the optic axis of the LC. For this reason, the angular position of the cross in the homeotropic conoscopic image corresponds to light travelling parallel to the director. As the angle of orientation of the LC is inclined with respect to the optic axis of the microscope, the cross at the center of the image shifts from the center of the ®eld of view accordingly. Hence, determining the instantaneous angle of the director orientation, in samples with small deviations from homeotropic alignment, is only a matter of determining the position of the cross in the conoscopic image. To determine the angular displacement of the director, knowing the displacement of the cross from the center of the ®eld of view, a calibration factor is calculated between pixel displacement on the video screen and angular displacement of the director from homeotropic alignment within the sample. Knowing the indices of refraction of the LC (Karat and Madhusudana 1976) , the angular positions of the extinction rings seen in the conoscopic image of a quiescent sample are calculated. Then by measuring the number of pixels to the various rings, a calibration factor between angles of light through the sample and pixels seen on the video screen is determined. So for each image showing a displaced cross, simply counting the number of pixels between the cross and the center of a quiescent sample and multiplying by the calibration factor determines the angular rotation of the director away from homeotropic alignment.
In samples with planar alignment, the angular position of the symmetry point does not correspond directly to the overall tilt angle of the optic axis within the gap. A small tilt or deviation from uniform planar alignment leads to a much larger shift in the conoscopic image. This can be seen from Eq. (6), using the appropriate expression for h E in n Ã e h E . In Eq. (6), the birefringence is given by n Ã e h E À n o , while the overall path length is given by da cos /. In the planar con®guration, the birefringence decreases with /, while overall path length increases with /, leading to a complicated relationship between the angle of the symmetry point and the actual tilt angle within the sample. Scheer and Nehring (1977) show that the tilt angle, a, of the director measured from planar alignment may be determined knowing the indices of refraction of the LC, and the angle of light propagation corresponding to the center of symmetry in the conoscopic image, / x , using the rather complicated formula:
where 1an e , 1an o , and 2 2 cos 2 a 2 sin 2 a. As an example, for a LC with indices n e 1X7, n o 1X5, and a tilt angle, a 5
, the light propagation angle as seen on the conoscopic image is / x 16X3 . Angles of light propagation through the sample may be related to positions seen on the conoscopic image using the relation:
where r is a radial distance from the center of the ®eld of view, is the total radius of the ®eld of view, NA is the smaller of the numerical apertures of the objective lens and condensing lens, and n avg is the average refractive index of the sample, which may be approximated as n avg ne2no 3
. Using this simple relation, we determine the angle of light propagation corresponding to various points on the image, which may be used in Eq. (9) to determine the tilt angle within the sample. As can be seen by the example above, it is important to use an objective lens that accepts a wide angle of light (high NA) to observe the symmetry point in planar samples 
Methods of measuring k
MPB oscillatory method Mather, Pearson, and Burghardt (Mather et al. 1995) solved the Leslie-Ericksen equations for the case of an applied oscillatory shear stress and found that certain material parameters may be obtained from the dynamic director response. In the case of homeotropic alignment, if the Leslie-Ericksen equations are linearized around w 0 (homeotropic alignment), one obtains the following expressions for the director angular momentum balance:
oy 2 a 2 j j ov oy 11 and the constitutive relationship for shear stress, s xy :
where v is the velocity, x is the¯ow direction, y is the direction orthogonal to the plates, u 3 is the bend elastic constant, c 1 a 3 À a 2 is the rotational viscosity, g Àa 2 a 4 a 5 a2 is a Miesowicz viscosity, and w is the angle the director makes with respect to the y direction. MPB use a 2 j j in the analysis since they assume that a 2 is negative, as is almost always the case for rod-like nematics. Applying an oscillatory shear stress, s xy s 0 cos xt, and neglecting¯uid inertia, one solves Eqs. (11) and (12) for the amplitude ratio, Ã , as a function of frequency, and the LeslieEricksen material parameters. This amplitude ratio, Ã w 0 ac 0 , is de®ned as the ratio of the amplitude of the director response, w 0 , to the amplitude of the applied strain, c 0 .
In the high-frequency regime, MPB ®nd that the amplitude ratio, Ã , is independent of frequency and given by:
By a simple algebraic manipulation using c 1 a 3 À a 2 , the tumbling parameter, k, may be determined from the high-frequency amplitude ratio as:
To measure the amplitude ratio a torsional¯ow cell is used, consisting of two parallel disks mounted in the optical path of a microscope set up for conoscopy (Mather 1994 ). The applied strain, imposed by rotating one disk with respect to the other, is de®ned as c rXah, where r is the observation radius, X is the angular displacement of the plate, and h is the sample thickness. Experiments were conducted away from the center of the cell to minimize the eects of curved streamlines. Strain amplitudes in our experiments range from 3±10% depending on the frequency, x. The amplitude of the oscillatory director response, w 0 , is determined using the method of conoscopy. The conoscopic images are recorded with a CCD camera and viewed on a video monitor. A frame grabber saves the images throughout the experiment for later viewing. Each image saved throughout the cycle shows a conoscopic image whose center is displaced from that of a quiescent sample, indicating that the director is angularly displaced at that instant. For each image, simply measuring the displacement, in pixels, of the center of the image from that of the quiescent image and using the calibration factor discussed previously, determines the average director angle within the gap corresponding to that image. By analyzing images throughout the cycle, the oscillatory strain, ct, and the resulting oscillatory director response, wt may be plotted. We then determine both the strain amplitude, c 0 , and the director response amplitude, w 0 , from these sinusoidal curves. The tumbling parameter is then determined from the amplitude ratio in the high-frequency limit using Eq. (14). As mentioned in the Introduction, the MPB method, when used with homeotropic boundary conditions, has the disadvantage that there is no qualitative change in behavior when k passes through unity, that is, when the nematic changes from a tumbling to a¯ow-aligning system. For samples with planar alignment under oscillatory shear, the relative phase of the applied strain and the resulting director oscillation provide a qualitative distinction between tumblers and¯ow-aligners. A tumbling nematic in the high-frequency limit will oscillate in phase with the applied strain, while a¯ow-aligning nematic will oscillate 180 out of phase with the applied strain. Unfortunately, the planar con®guration is much more dicult to attain in this geometry, so all the experimental results reported for this method were obtained with homeotropic anchoring. Thus, considering that most small-molecule LCs have k values very near 1, if one relies on this technique alone imprecision in the measurement might lead one to misclassify a¯ow-aligning nematic as a tumbling one, or vice versa. We therefore develop three other methods, two qualitative and one quantitative, for distinguishing between tumbling and¯ow-aligning nematics and to check for consistency among the methods.
Twist wall experiment
Textural observations characteristic of tumbling and¯ow-aligning behavior may also be used to distinguish between the two classes of LCs. One such textural observation is the appearance of what are called twist walls, in the torsional shear¯ow of an LC monodomain initially aligned in the homeotropic con®guration. These twist walls were ®rst observed and characterized in a paper by Mather et al. (1997) . They use the term``twist wall'' coined by Carlsson and Skarp (1986) to describe a region across which the director undergoes a jump in orientation due to a tumbling instability.
To observe these twist walls, the torsional shearing cell consisting of two parallel plates, described in the previous section, is used. The shearing is started at a high rate, with the LC initially aligned uniformly in the homeotropic con®guration. Observing thē ow cell between crossed polarizers, with the polarizer in the¯ow direction and the analyzer in the vorticity direction, twist walls appear as a series of birefringent lines, which propagate inward from the edge of the cell. Eventually the twist walls give way to disclination lines, which ®ll the cell. For a¯ow-aligning nematic, on the other hand, the director angle decreases toward the¯ow-alignment angle with increasing shear rate, and no twist walls will appear.
The proposed mechanism (Mather et al. 1997) for twist wall formation is as follows. As the¯ow is started from rest, the director of a tumbling nematic will continuously rotate in the shearing plane, with the rate of rotation dependent on the current orientation angle of the director and the shear rate at that radial position. The director rotates fastest near the edge of the shear cell, where the shear rate is the greatest. The director is especially susceptible to rotation out of the shearing plane, by a mechanism analogous to a mechanical buckling instability each time it passes through an angle parallel to the¯ow direction. The shearing plane here is de®ned as the plane containing both the¯ow direction and the velocity-gradient direction. Careful conoscopic studies by Mather et al. (1997) on the director orientation in the vicinity of an approaching twist wall reveal a gradual rotation of the director out of the shear plane towards an orientation in the vorticity direction at the twist wall position, with the orientation presumably undergoing a gradual twist back into the plane of shear as the wall moves past. As the torsional shearing proceeds, these twist walls form at the edge of the cell and propagate radially inward, marking regions within the cell in which the director is rotating through an angle parallel to the¯ow direction.
Thus, in a sudden onset of torsional shearing, the presence or absence of these twist walls provides a qualitative means of determining whether or not the nematic is of the tumbling type. The rate of radial propagation of these twist walls might also be used to determine the tumbling parameter quantitatively, although that hasn't been exploited in this work. In this experiment it is necessary to start at a high shear rate to generate twist walls before disclinations form by some other mechanism.
Direct method
By observing the conoscopic image of a sample with an initial planar alignment in shear¯ow, it is possible to distinguish between tumbling and¯ow-aligning behavior by simply observing in which direction the conoscopic image shifts upon shear start-up.
Glass slides treated with a rubbed polyimide ®lm are used to induce a planar alignment. Cover slips with a thickness of 170 microns are used as spacers at each end of the two slides. A small amount of the LC is placed in the center of the slide and the top slide is brought to rest on the spacers. A schematic of the shearing cell is shown in Fig. 5 . This shearing cell, consisting of an LC sandwiched between two slides, is placed in a Te¯on frame which holds the slides ®rmly in place against the cover-slip spacers, while allowing one slide to be pushed over the other. The shearing cell is then placed in the optical path of a microscope set up for conoscopy. After allowing an hour for the LC to align, an image of a planar sample with a small pre-tilt (2±3 appears. Now pushing the top slide over the bottom slide, and noting the direction of the shift in the conoscopic image, we can determine whether the director in the bulk rotates up toward a¯ow-alignment angle, or in the opposite direction rotating with vorticity. If the¯ow-alignment angle is small enough that the symmetry point in the conoscopic image remains in the ®eld of view while shearing, an estimate of the¯ow-alignment angle and of k may be obtained by measuring the displacement of the image. The essential point of this experiment, however, is not to measure k quantitatively, but only to distinguish between tumbling and¯ow-aligning behavior. Since the plates are sheared by hand, the¯ow-alignment angles obtained by this method are only estimates. Also, the shear cell is not temperature controlled so the results shown are for room-temperature nematics only.
Rheological method
The tumbling parameter, k, for tumbling nematics may also be determined by a simple rheological method ®rst demonstrated by Yang and Shine (1993) and soon after by Gu et al. (1993) . A homeotropic monodomain is formed in a cone-plate rheometer. Upon start-up of shear, the resulting shear stress or apparent viscosity is measured. For tumbling nematics the shear stress oscillates with a strain period characteristic of the tumbling parameter of the material. Flow-aligning nematics, on the other hand, show only an initial overshoot in the shear stress, followed by a constant viscosity.
The dierent responses may be understood by considering the predictions of Ericksen's TIF model (Ericksen 1960) . We use a twodimensional coordinate system in which x is the¯ow direction and y is the velocity-gradient direction. Then, neglecting elasticity and assuming a constant shear rate, c ovaoy, a torque balance for the director in this geometry gives:
where h is the angle the director makes with respect to the y direction, c is the dimensionless time or strain, and the a i 's are the Leslie coecients. Integrating (15) with the initial condition that h 0 at c 0, and making the substitution, a 2 aa 3 k 1 a k À 1 , gives for the two cases, a 3`0 (¯ow-aligning) and a 3 b 0 (tumbling):
For the tumbling case, the stress oscillates with a strain period, c p , of
To determine the orientations that correspond to the various peaks and valleys in the shear stress response, we start with the equation for the shear stress, s xy , for an initial director alignment perpendicular to the¯ow direction and parallel to the velocity gradient,
where g c Àa 2 a 4 a 5 a2 is the Miesowicz viscosity when h 0. Now, taking the derivative of s xy with respect to h, it has been shown (Viola and Baird 1986; Yang and Shine 1993 ) that for ā ow-aligning nematic, a 3`0 , the shear stress has a single maximum at h pa4; while for a tumbling nematic, a 3 b 0, a series of maxima in the shear stress occur at h mpa4 m odd, and a series of minima appear at h npa2 n 0Y 1Y 2Y 3Y F F F subject to the condition that a 1 b a 2 a 3 2 a a 3 À a 2 . Knowing that the stress is a maximum at h pa4, one can also derive the strain of the ®rst stress overshoot, c 0 , for¯ow-aligning and tumbling nematics, from Eq. (16) and (17):
In theory, c 0 could be used to distinguish between tumbling and ow-aligning nematics since Eqs. (20) and (21) predict that c 0`1 for¯ow-aligning nematics and c 0 b 1 for tumbling nematics. Unfortunately, this is an unreliable method of distinguishing between the two behaviors since k typically varies between 0.8 and 1.2, for the small-molecule nematics studied here, corresponding to c 0 varying between 1.07 and 0.94 respectively, which is a variation less than accuracy with which we can determine the stress maximum.
Results and discussion
MPB method results
The MPB method was used to measure quantitatively the tumbling parameter of some pure small-molecule LCs and some mixtures of small-molecule LCs. All the experiments using this method were conducted with the director initially oriented in the homeotropic con®gura-tion.
The ®rst measurements were conducted on 7CB, a system where we could expect the Leslie-Ericksen theory that underlies the interpretation of this method to be valid. We used this method to determine the temperature dependence of the tumbling parameter over a small range of reduced temperatures, r a ni , near the clearing point. The tumbling parameter was found to increase with reduced temperature from k 0X98 at r 0X97 to k 1X07 at r 0X99. The temperature dependence is qualitatively similar to experimental results reported for other small-molecule LCs and obtained by other methods, as well as the behavior predicted by the molecular theory of Archer and Larson, and KroÈ ger and Sellers. The results measured for 7CB using the MPB method are, however, slightly lower than those reported for other small-molecule LCs (GaÈ hwiller 1972; Kneppe et al. , 1982 Graf et al. 1992) . Figure 6 shows the temperature dependence found for 7CB, along with the temperature dependence reported for other small-molecule LCs as determined by other methods (GaÈ hwiller 1972; Kneppe et al. , 1982 Graf et al. 1992) . The lines in Fig. 6 correspond to molecular theory, Eq. (3), using Maier-Saupe (Maier and Saupe 1959) predictions for the equilibrium values of 2 and 4 , for both an in®nite aspect ratio and a more realistic aspect ratio of 5.
In an attempt to understand how the tumbling parameter behaves for mixtures of small-molecule LCs, the MPB method was used to measure k for two binary mixtures, 5CB with 8CB, and 7CB with 8CB, at various concentrations. The ®rst binary mixture studied was 7CB/8CB. The phase behavior of this mixture, determined by DSC scans, is shown in Fig. 1 . As reported above, 7CB has a tumbling parameter, k, near unity throughout its nematic range, while 8CB has a much lower tumbling parameter due to the pre-transitional eects of a nearby smectic-A phase transition at 33X3 C. k values were determined at a single temperature, 33X6 C, for a few mixtures of the tumbling nematic, 8CB, with the¯ow-aligning nematic, 7CB. Values of k were found to vary linearly with the 8CB volume fraction, as shown in Fig. 7 . The error bars are from the standard deviation of the high-frequency data. The phase behavior of the other binary mixture, 5CB with 8CB, was determined by hot stage polarizing microscopy, and is shown in Fig. 2 . As with the 7CB/ 8CB mixtures, the tumbling parameter was determined over a range of concentrations at a single temperature, 33X6 C, at which the nematic ranges of the two pure components overlap. Similar to the 7CB/8CB mixtures, k values in the 5CB/8CB mixtures were found to vary linearly with the volume fraction of 8CB, as shown in Fig. 8 . It would be interesting to know whether this linear relationship holds for other binary or multicomponent mixtures, including mixtures of dissimilar molecules where the nematic ranges do not overlap, and if these results are consistent with those obtained by the other quantitative method for measuring k, namely the rheological method.
In hopes of testing the molecular theory for k, Eq. (3), over a wider range of temperatures than was accessible with single-component LCs such as 7CB, we turned to commercial mixtures. The commercial mixtures studied were E7, ZLI-3449-100, and ZLI-3308. k was measured for each of these mixtures at the same four temperatures ranging from room temperature up to 55 C. None of these results from the MPB method, Kneppe et al. , 1982 Graf et al. 1992) are shown for comparison. Also, the prediction of the molecular theory of Archer and Larson (1995) is shown for both an in®nite aspect ratio (Ð) and for an aspect ratio of 5 (---) when plotted against reduced temperature, Fig. 9 , may be ®t quantitatively by the molecular theory of Archer and Larson (1995) . E7 shows a nearly constant k value, ranging from 0.83 to 0.86, without the characteristic increase near the clearing point as the molecular theory predicts. k for ZLI-3449-100 increases slightly with increasing temperature, similar to that predicted by the molecular theory; however, the values range from 0.66 to 0.74, well below that predicted for even the low aspect ratio of 4. ZLI-3308 behaves unlike the molecular theory and any other small-molecule LC in that the tumbling parameter decreases sharply form k 1X11 to k 0X83 with an increase in temperature from room temperature up to 55X4 C. The results for the single-component LC, 7CB, are in agreement with the temperature dependence predicted by the molecular theory, Eq. (3), as well as the temperature dependence exhibited by other single-component LC systems found in the literature. The results for the multi-component mixtures, E7, ZLI-3449-100, and ZLI-3308, however, are not even qualitatively similar to that of the molecular theory. This result alone suggests either a breakdown in the single director LeslieEricksen theory, which the MPB method is based on, or a failure in the molecular theory to describe the dynamics of multi-component systems when MaierSaupe predictions for the equilibrium values of 2 and 4 (originally derived for single-component systems) are used. The results for the binary mixtures, 5CB/8CB and 7CB/8CB, show a nearly linear concentration dependence of k.
Twist wall observations
Twist wall experiments were conducted on a couple of the materials in this study to determine whether the predictions of the MPB method are consistent with the textural observations.
The ®rst material studied, 8CB, known to be a tumbler due to its nearby smectic-A phase, was aligned ---) homeotropically in the shear at 36 C. Upon start-up of shear at a high shear rate c b 1 s À1 À Á , several twist walls were seen to propagate inward from the edge of the cell. After continued shearing, the cell becomes ®lled with disclination lines. These observations are similar to those made by Mather (1994) , and con®rm that 8CB is a tumbling nematic at 36 C. The other material studied by this method was the commercial mixture, E7. According to the MPB method, k for E7 is less than unity; hence E7 should tumble at temperatures ranging from room temperature up to 55 C. Since most studies on LCs have reported tumbling only at temperatures near a transition to a smectic-A phase, these results from the MPB method are surprising. At room temperature, and at shear rates identical to those used in the 8CB twist wall experiments c b 1 s À1 À Á , no twist walls were found after continued shearing. This observation suggests that E7 is actually ā ow-aligner at room temperature rather than a tumbler as the MPB method indicates.
Again, the single-component result is consistent with that of the MPB method, while the result for the multicomponent mixture disagrees with that predicted by the MPB method.
Direct method results
Since the MPB method and the twist wall observations give contradictory indications for E7, the direct method was used to determine de®nitively whether the LCs studied by the MPB method are tumblers or¯ow-aligners. The experiments were conducted at room temperature on the following LCs: 5CB, 6CB, 7CB, PCH-5, E7, ZLI-3449-100, and ZLI-3308. At room temperature, the LCs 7CB and PCH-5 are both supercooled nematics.
The samples were sheared by hand, with the top plate displaced around 4 mm in less than a second. With spacers of 170-micron thickness, the shear rate, c, is estimated to be of the order of 20 s À1 , and the shear strain around 25. The Ericksen number, Er gau ch 2 , is therefore estimated to be of the order of 10 2 ±10 3 , based on typical values of the Leslie coecients and Frank constants. At such high Ericksen numbers, hydrodynamic eects are expected to dominate over elastic eects, and one can therefore obtain estimates of the tumbling parameter, k, from the observed¯ow-alignment angles based on Eq. (1).
The results of the direct method are summarized in Table 2 . The¯ow-alignment angles are estimated from the displacement of the conoscopic image during shearing. For those systems with high¯ow-alignment angles in which the image displaces out of the ®eld of view, only lower bounds for the¯ow-alignment angle, h fa and k are obtained. For those LCs for which the conoscopic image remains within the ®eld of view, upper and lower bounds are obtained; these correspond to limits estimated from repeated experiments. The only system found to tumble in these experiments was 7CB. For 7CB, shearing causes the image to shift in the direction of a tumbler, after which the image disappears as the cell ®lls with disclinations. The formation of disclinations on shearing is typical of tumbling nematics. Upon shearing of the PCH-5 sample, the image displaces in the direction of a¯ow-aligner but the metastable nematic quickly crystallizes; hence, no¯ow-alignment angle could be determined.
Here, the single-component results for 5CB and 7CB agree in their prediction for¯ow-aligning and tumbling with those obtained by the MPB method, while the results for the mixtures, E7 and ZLI-3449-100, disagree with those obtained by the MPB method.
Rheological method results
The rheological method was used on the following materials: 5CB, 7CB, 8CB, E7, PCH-5, ZLI-3308, and ZLI-3449-100. The method was also used on two binary mixtures. One is a mixture of a¯ow-aligning nematic, 5CB, with a tumbling nematic, 8CB, and the other a mixture of two tumbling nematics, 7CB and 8CB, with very dierent tumbling parameters. The entire nematic range was studied for each material except for the commercial mixtures, E7, ZLI-3449-100 and ZLI-3308, where the lower transition to the smectic or crystalline phase was beyond the temperature range of our rheometer. Also, the clearing temperature of ZLI-3308, ni 128 C, was too high to be reached by our rheometer. The experiments were carried out in the cone-andplate geometry of a Rheometrics ARES rheometer, with a cone angle of 0.04 radians and a diameter of 50 mm.
The loading procedure for this method was identical for all the materials studied here. The cone and plate ®xtures were initially treated with a dilute solution of lecithin in chloroform and smeared to cover the entire surface of the ®xtures. The ®xtures were then allowed to sit for a period of 30 min to allow the chloroform to evaporate, leaving a rather uneven ®lm of lecithin on the surfaces. The excess lecithin was removed by lightly rubbing the ®xtures with a lint-free cloth, leaving the ®xtures with a thin ®lm of lecithin. The ®xtures were then mounted on the rheometer, the LC sample was added, and the gap set. The sample was then left for approximately an hour to allow a homeotropic monodomain to form between the cone and plate.
To ensure that we could use this method to distinguish between tumbling and¯ow-aligning nematics, the ®rst two materials studied were 5CB and 8CB. This also allowed us to verify our procedure by obtaining quantitative comparisons with the earlier work by Gu and Jamieson (1994) .
5CB was tested at 0.5 degree increments over temperatures ranging from 23X1 C up to 36X4 C. 5CB was found to¯ow-align throughout its entire nematic range with typical¯ow-aligning responses, shown in Fig. 10 . Similar to the results obtained by Gu and Jamieson (1994) , the height of the initial stress overshoot is a maximum at the lowest temperature and decreases steadily with increasing temperature until the nematicisotropic transition is reached. Since this material is ow-aligning and the strain accuracy of our rheometer is insucient to accurately determine the position of the ®rst stress overshoot, no estimate of the tumbling parameter was obtained from these curves.
To test the eectiveness of this method as a means of determining k for a tumbling nematic, 8CB was tested at 0.5 degree increments throughout most of its nematic range from 34X2 C up to 39X3 C. Typical tumbling responses of 8CB are shown in Fig. 11 . These curves are similar to those reported by Gu and Jamieson (1994) and predicted by Ericksen's TIF model, Eqs. (15) and (19) . We see oscillations in the stress or apparent viscosity, which eventually dampen out at increased strains c % 200
. We also see doublet peaks caused by the faster rotation of the director as it passes through the vertical position (Hinch and Leal 1973; Gu and Jamieson 1994) . The strain period is extracted from these curves, and using Eq. (18), the tumbling parameter is calculated. 8CB was found to tumble for temperatures ranging form 34.2 to 38X4 C and ow-align at all higher temperatures up to the nematicisotropic transition. The tumbling parameters measured by this method are shown in Fig. 12 , along with tumbling parameters determined from the individual Leslie viscosities reported in the literature (Kneppe et al. 1982 Gu and Jamieson 1994) for comparison. As can be seen in Fig. 12 , our measured k values agree well with those obtained by Gu and Jamieson, using this same method, as well as those of Kneppe et al., in which the individual viscosities were measured by other methods and then used to determine k.
The other single-component LCs tested by this method were PCH-5 and 7CB. PCH-5 was found tō ow-align throughout its entire nematic range from 30X2 C up to 55X1 C, and no estimate of k was obtained. 7CB was found to have a transition from tumbling to¯ow-aligning somewhere between 32X3 C and 33X2
C. Unlike the other tumbling nematic, 8CB, the strain periods for 7CB were very large (between 57 and 127 strain units), leading to tumbling parameters very near 1, ranging from k 0X994 at 29X0 C to k 0X999 at 33X2 C. Typical tumbling responses for 7CB are shown in Fig. 13 to demonstrate much longer oscillation cycles than were present in the 8CB results shown in Fig. 11 . At 33X2 C and above, 7CB was found to¯ow-align and no estimate of k was obtained. A comparison between the tumbling parameter obtained by this method and that obtained by the MPB method described earlier can be seen in Fig. 6 . Within experimental error, the values agree quite well between the two methods.
Given the rather anomalous results obtained by the MPB method for the commercial mixtures presented in Fig. 9 , and the qualitative nature of the results obtainable from the direct method, the commercial mixtures (E7, ZLI-3449-100, and ZLI-3308) were tested by the rheological method to check for consistency with the other methods. Since no cooling was used on the rheometer, the lowest attainable temperature was around 25 C, while the highest temperature accessible experimentally was around 95 C. Since these mixtures have very low transition temperatures to the smectic or crystalline phase and the last mixture, ZLI-3308, has a very high clearing point, our study is limited to their nematic range of 25± 95 C. In contrast to the results of the MPB method for these materials, it was found that these three commercial mixtures¯ow-align throughout their entire accessible nematic range, 25±95
C. In partial summary of the results thus far, we have found that the single-component LCs studied here agree in the qualitative distinction between tumbling and¯ow-aligning behavior among all four methods. The multi-component mixtures, however, are inconsistent in that the MPB method predicts that the mixtures, E7, ZLI-3449-100, and ZLI-3308, tumble throughout most of their nematic temperature range, while the other three methods all indicate that theȳ ow-align. As a ®rst step towards trying to understand the unusual behavior of these multi-component commercial mixtures, and particularly why we see this disagreement in the prediction of k for the four methods, we studied a couple of binary mixtures. The ®rst binary mixture studied was the mixture of the nematic, 7CB, with the nematic, 8CB. The results shown earlier for this method show that pure 7CB and 8CB each tumble throughout most of their nematic phase, with¯ow-aligning behavior seen only very close to their respective nematic-isotropic transition temperatures. The phase behavior of the mixture, 7CB/8CB, was determined by DSC and is given in Fig. 1 . Three dierent mixtures were made and tested, 25, 50 and 75% weight fractions of 7CB and 8CB. The measured tumbling parameters for these mixtures are given in Fig. 14, where Fig. 14a shows the tumbling parameter plotted against temperature for the three mixtures as well as the pure components and Fig. 14b shows the data plotted against concentration as interpolated from the data of Fig. 14a . All three mixtures were found to tumble at the lower temperatures in their nematic range, with the transition from tumbling to¯ow-aligning shifted to higher temperatures for the mixtures containing a higher fraction of 8CB. Figure 14b reveals a bowed shape, with the tumbling parameter shifted higher than would be expected by the simple linear relationship measured by the MPB method for this mixture, also shown in Fig. 7 . Lines in Fig. 12 Measured k versus temperature for 8CB as determined by the rheological method (d). Results of Gu and Jamieson (1994) (h) obtained by the same method and also Kneppe's (1982 Fig. 14b , indicating the best ®ts obtained using the continuum theory of Rey (1996) , reveal that the data is ®t well by Eq. (4) if is assumed to be independent of concentration and also allowed to vary as a ®tting parameter in each case. The other binary mixture was that of a¯ow-aligning nematic, 5CB, with a tumbling nematic, 8CB. The phase behavior of this mixture was obtained by hot-stage polarizing microscopy and is shown in Fig. 2 . Again, three dierent mixtures were tested, 25, 50, and 75% weight fractions of 5CB and 8CB. The mixtures containing 50% and 75% 5CB were found to¯ow-align throughout their entire nematic range, while the 25% mixture showed a transition from tumbling to¯ow-aligning at a temperature between 33X2
C and 34X0 C. The strain periods were all quite high, and the corresponding tumbling parameters varied from k 0X927 at 25X8 C up to k 0X998 at 33X2 C. Figure 15a shows the tumbling parameter measured for the mixture containing 25% 5CB by weight, as well as that of pure 8CB for comparison. Since 5CB is a¯ow-aligning nematic and 8CB is a tumbling nematic we ®nd that dissolving a modest amount of a¯ow-aligning nematic, $25%, converts a tumbling nematic into a¯ow-aligning nematic or at least reduces the rate of tumbling signi®cantly.
Remarkably, the measurements of the MPB method for all the pure LCs, 5CB, 7CB, and 8CB, agree well with the results of the rheological measurements (i.e., the open circles in Figs. 14b and 15b are close to the ®lled diamonds for volume fractions 0 and 1 of 8CB). For all the mixtures, 7CB/8CB, 5CB/8CB, E7, ZLI-3449-100, and ZLI-3308, however, the MPB method gives distinctly lower values of k than are obtained by the other methods. This implies either an anomalously high degree of experimental error in the MPB method for these mixtures, or more likely a breakdown of the single director Leslie-Ericksen theory for mixtures of LCs. Since the results of the rheological method also agree with those of the two qualitative methods, the direct method and the twist wall method, we feel that the rheological method more accurately re¯ects the tumbling behavior of mixtures. Although it is true that applying the single director Leslie-Ericksen theory to mixtures is likely to be at fault for all methods used, it appears that the discrepancy may be more pronounced in the MPB method (with homeotropic boundary conditions), where the measurement of k relies on very small oscillations of the director far from the¯ow-alignment angle.
A possible explanation for the apparent failure of the Leslie-Ericksen theory that we have observed in LC mixtures is suggested by a recent theory of Fialkowski (1997 Fialkowski ( , 1998 . He showed that in uniaxial nematics composed of biaxial molecules there are contributions to the stress arising from shear-induced biaxiality that are not included in the Leslie-Ericksen theory. If such contributions are especially large in mixtures, and if they aect the rotation rate of the director such that in the homeotropic alignment the apparent value of k is lower than at other orientations, this might account for the anomalously small value of k obtained by the MPB method, since in the MPB method the director never rotates very far from homeotropic alignment.
Conclusions
In this work, the tumbling parameter, k, is measured for various small-molecule LCs and their mixtures. The methods used include textural observations (twist walls), a direct method, the oscillatory method developed by Mather, Pearson, and Burghardt (1995) , and a rheological method. Comparisons are made for each single-component system with a molecular theory by plotting k versus the reduced temperature, r a ni . For the binary mixtures, the continuum theory of Rey (1996) is found to ®t the data well provided is concentration independent and allowed to vary as a ®tting parameter in each case. For single-component small-molecule LCs, the four methods are found to be consistent with each other in their predictions of k, and the temperature dependence of the tumbling parameter agrees quite well with the molecular theory of Archer and Larson (1995) . For the multi-component mixtures studied here, however, the four methods are not consistent with each other in predicting k. Speci®cally, the oscillatory method of MPB underpredicts the tumbling parameter in all cases. This suggests a breakdown in the single director Leslie-Ericksen theory when applied to mixtures of LCs. 
